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Abstract. We will study the Klein-Gordon's field with an homogeneous external potential, 
which docs not depend on h. We will construct the Fock's space corresponding to our problem and 
we will sec that there arc phenomena of creation and anihilation of pairs particlc-antiparticlc. Finally, 
we will see that in dimension 1, when h — > 0, these phenomena disappear. However, in dimension 2 
or 3, when h — > 0, the creation probability of particlc-antiparticlc pairs is not zero. 

1. Introduction 

In this work we will study the classical limit of Klein-Gordon's field, with an 
homogeneous potential which does not depend on Planck's constant. 

First we will see that, in this case, the Klein-Gordon's equation is equivalent 
to a hamiltonian system, composed by an infinite number of harmonic oscillators 
with frequencies which depend on time. Once we have seen this equivalence, we 
will quantize these oscillators and we will obtain the energy and the electric charge 
operators. With the energy operator, we will obtain the quantum equation of Klein- 
Gordon's field. We will also see that we can find all the eigenfunctions of the energy 
and the electric charge operators. Consequently, with all those eigenfunctions we 
can construct the Fock's space. 

After that, we will study the quantum dynamic of vacuum state. We will see 
that, if the space dimension is 1, when h — > 0, the probability that does not exist 
any particle- antiparticle pair, converges to 1. However, in dimension 2 or 3, we will 
prove that, when H — ► 0, this probability does not converge to 1. Consequently, in 
dimension 2 or 3, the classical limit is not true. 

The notation that we are going to use, is the following 

<, > euclidean scalar product. 

<, > 2 scalar product of C 2 . 

WWi norm C . 

||.||2 norm oo. 

2. The Klein-Gordon's field with an homogeneous potential 
To simplify, we will take m = c = e = 1 . 

If we apply the Correspondence Principle E — + ihdt, p —* —ihV to the relativistic 
relation E 2 = \p + f(t)\ 2 + 1, we obtain the Klein-Gordon's equation, 

-h 2 d 2 ip = \-ihV + f{t)\ 2 tlj + ij}. 
One important property of the K-G's equation is the electric charge conservation 
p(t) = 0, where p(t) =< ihdt?p, ip >2 + < V'j ihdttp >2- However there is no norme 

2 

square conservation HVwIb 0- Then, to be able to speak about probabilities, we 
have to consider that the K-G's field describes an infinity of harmonic oscillators. 
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After that, we have to quantize these oscillators to arrive to an equation of this 
type, ihd t \& >— H\& >, where H is an self-adjoint operator. 

2.1. The Quantization of Klein-Gordon's field. Suppose that the domain is 
finite. To simplify we take the n-dimcnsional interval [— 7r,7r]". 
The lagrangian and the energy of the system at t time are: 

Ht) = tf\\d t ni - iiHw + Amwi - wnl 
E{t) = te\\d t ni + iiHftv + Awwl + wnl 

We expand tp in Fourier's serie, ip(x,t) = J2kez n W^fc^)' with tp%(x) = 
' Then 



(27r)7 



L(t) = *W - 4(*)l^! 2 , where e g (t) - yj\ti + /(*)| 2 + 1. 
With the momenta £?£ = h 2 A^, we obtain 

s w - E ^ + #)i V> />(*) - E £ - W 

We make the real canonical change 

and let wg(t) — be the corresponding frequency, then E(t) and p(t) take the 
form 

feez- 

feez" 

That is the energy decomposition in oscillators. Notice, the K-G's equation is 
equivalent to the hamiltonian system 

/ Q% p k J Qk = h 

Now, to obtain the quantum theory, what we have to do is to quantize these 
oscillators, i.e. — > —ihdq v — > —ihdq,, and the equation will be 

^s t $ = 1 £ K-a 2fl & 5 + w|(t)Q|) + (-^ + w |(t)Q|)]$ - J2 <"*;(*)*• 

feez" feez" 

Now, we will look for the cigcnfunctions of the energy and of the electric charge 
operators. First, we have to introduce the creation and anihilation operators for 
particles and antiparticles 
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Then 

E{t) = £ e jg (i)(a+(t)a £ (t)+6+ g (t)6_ jg (t)) 



fcGZ™ 

"(*)= E(4(*)°E(*)- & -iE(*) 6 -E(*))- 

feez™ 

We construct the vacuum state at t t ime. 

Let's consider 4>°J° \Q%,Q%,t) = \/^p-e hr(Ql+Q%) , then the vacumm state 
at t time, |0 > (t), is 



|o>(t)= [] ^(Qk'Q&t)' 



k 

because 

£(t)|0 > (t) = p(t)|0 > (t) = 0. 

Starting from this state we will define all the others. In fact, 
the state |1±" > (t) =at(t)\0> (t), verifies 

E(t)\l+ > (t) = C£ (t)|l+ > (t) p(t)\l+ > (t) = |1+ > (t), 

consequently, |ll > (i) is the state of a particle with energy eg(i) at i time. 
The state |ir > (i) = bi(t)\0 > (i), verifies 

£7(t)|lg > (t) = e_ % {t)\lz > (t) p(t)\lz > (t) = -|l- > (t), 

consequently, |1T > (t) is the state of an antiparticle with energy e_g(i) at i time. 
In general, we consider series 

, , Z n -» N 

< n *> : jfe - n£ 

and let 

|{n 5 };{m s } > (*) = II ^ /^T 1° > (*)■ 



Then > (t), verifies 

i?(t)|{^};{m fc -} > (t) = E ^)inr+rn r )\{n % y,{m % } > (t) 
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p(t)\{n u }; {m % } > (i) = ^ (n f - m r )|{ng}; {m £ } > (t). 

fez- 

Consequently, the state |{n^}; {mg} > (t) contains, at t time, rig particles and 
77i£ antiparticles with energy e^(t), for each k e Z™. 

3. The counter-example 
3.1. Quantum dynamic. First, we study the case f(t) = 0, then 



fceZ" 



where = ^-M! +1 . Notice that the energy does not depend on time, then the 
eigenvalues |{n^};{mg} > (t) = |{n^};{m^} > do not depend on time. Therefore, 
the solution of the problem 



{ |*>(0) - \{n u };{m u }>, 

is 



Tl\{n % y {m fe -} >= e -* £r e *» ^™r+™r)*| {n - }; {m - } > . 

In particular, T*\0 >= |0 >, i.e., when f(t) = 0, the vacuum state is invariant for 
the quantum dynamic, and there is no creation and anihilation particle-antiparticle 
pairs. 

We now study the vacuum dynamic when f(t) ^ 0. Let T*\0 > (0) be the 
solution of the problem 



ihd t \V > = E(t)\V > 
|*>(0) = |0>(0), 

then T*|0 > (0) = n SeZ „ ^°(%, Qg, 0), where T*0°J°(Qg, Q g , 0) is the solution 
of problem 



(1) 



0(0) = 4°(g £ ,Q~,o). 



Denote by P£(i) = \(t) < 0|T*|0 > (0)| 2 , the probability that it does not exist 
any particle-antiparticle pair at t time. 
Then, we have the 

Theorem 3.1. Let n be the dimension of the space and suppose that f € Cg°(0,T), 
then: 

If n = 1 we have 

limP£(i) = l VteR. 
/wo 
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If 7i = 2 or 3 7 at t time such that f(t) ^ 0, we have 

limP°(i)^l. 

n— >0 

Consequently, in the case n — 2 or 3, at t time such that f(t) ^ 0, we do not 
obtain the classical limit. 

Remark. In dimension 1 the result is valid for periodic potentials, i.e., for f[x,t) = 
Hk=o[fk(t) sin(fca;) + g k {t) cos(fcr)], we have lim^ P%{t) = 1. 
Remark. Le Theorem |3.l| is valid for the Dirac's field. 

4. Proofs 

To make the proof of theorem we need the following 
Lemma 4.1. The solution of the problem (Q) is 

^°/(0) = A s (t)4'°(t) + (-^ + t?B t ®J ^\t) + H^ k (t), 

with 

\i-\A- k m<^. 

l%(*)lMl7jg(«)lll < ^;in{Wf{t)^f{t). 

Where, 

<f> 1 /(t) = a+(t)b + _ % (t)^°(t). 

K is a constant independent on k, h and t. 

H = ^/|tt| 2 + l. 

With this lemma we can make the 
Proof of Theorem 

If n = 1, J*(i) = n fcez \A k (t)\ 2 . We write, \A k (t)\ 2 = 1 + A k (t), then 

P fe °(t) = l + i^A fc (t) + i ^ A fcl (t)A fc2 (t) + i £ 4 fcl (f)4 ta (i)A fcs (f) + . 



A;£Z ki, k 2G^ ki, k 2,ks£2 

ki^k 2 kijtkf,ijtj 

i,j'=l,2,3 



We bound 



1 1 °° 1 / 

i^(*)-ii< I iEi^wi + 2! E \AkS)UkM\+---<J2^ Ei^wi 

' fcez ' fei,fc 2 ez n=i ' Vfcez 

ri=i \ feez *■/ n=i \ feez fc / 
since £ feG z < Jr ife; + ft = tt + ft, we have 

fc 

OO 

\P%(t) - 1| < E -(^(tt + ft))" = e^+ ft ) - 1, 



n! 

n=l 
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therefore 



lim P fi °(*) = 1. 



We now study the case n = 2. The case n = 3 is analogous. 
Denote by P]t(t) = J2kei, 2 K*) < ^Zil^l > (°)l 2 ' the probability that at t 
time, docs exist a particle-antiparticle pair, then 



" 4e|(t) 



n \ a m 



zez 2 

fyk 



We calcule 



lim 



16 *!(*)' 



< lim 

n->o 



16 eUt) 1 

feez 2 fe iez 



lim 

R->0 



ES^(i-iW)IlW)i ! 



16 

fceZ 2 fe 



^1^)1, 



iez 2 



ft 2 4(*), 



feez 2 \ *; w fe w 



Because of the lemma (4.1) and the relation e| < Ce~(t) where C = 2(1- 



we obtain 



lim 



fceZ 2 fc 



< 



J™ E 5 Hm ft (V^CH/IU + fffi(||/l£o + 1)) = 0, 



feez 2 k 

h 2 _ r 
~ Jr 



because lim^oEfcez 2 7f = Jr 2 (|gP 2 +i) 2 = 1 

k 

Therefore, we have proved that 



lim Pi (t) = lim V — : 4^Pn(t). 



feez 2 



With this result, we can prove that for n = 2, if f(t) ^ 0, then Unifi^o Pjl(t) 7^ 1- 
In fact, we take to such that /(to) ^ and we assume that lim^o -Pr (to) = 1- Thus, 
lim^o^(io) = 0. 
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However 

lim P£(t ) = lim Tr~I77T l im n P h(h) = (for hypothesis) = 

n a i6 e |(t o) - 16 y R2 (|. p + 1)3 * °' 

because f(to) ^ 0. Therefore, we have a contradiction and in consequence, lim/j^o P^{to) 
1. □ 

Now, we make the 

Proof of lemma 4.1 



First, we will construct a semi-classical solution of the problem (hi). To search a 



ss (at (*))*(&+-(*))" 00 

semi-classical solution, we have to consider the functions (/)-' (t) = — - ^ — (t) 

with s € N. 

We write the problem (|]) in the form 

iW t <t> = H s (t)<l> 

m = 4°(o), 

where H^(t) — e^(t)(at (t)a^(t) + b At)b _%(t)) ■ We expand the solution in powers 
serie of h, in the following form, T*(/>°'°(0) = V. s6N h s+j A j M)(t> s /(t). Then, 
because of following 

Lemma 4.2. 

= ^( s C 1,s_1 w - ( s + !)C M+1 

we obtain, after having equalized the powers of h, the system: 
If s = 

A° , = 0; A J -. + P^-A 1 -} = 0, for j > 0. 
o.k ' o./c 2eg(t) 1.* 

If s > 





2e % {t) - 






■((.- 


r 1)A J ~ 2 - 



-"-few 

iiJ" 1 + i-^^r f (s + 1)A J '~ 2 - - sA j - 2seAt)A j = 0, for - 
We obtain the solution of the system by recurrence. In fact 



A 1 r (i) = — VtM? r - i^-A 1 r ); A M) = -i^-A* Jt). 
^ e(*) = - /* eWdr; A 2 ,(t) = -^UA] , + i-^-(2A° , - A 2 , 



)) 
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««<«> - w = - 1 %gk*&* 

With these solutions, and the relation e| < Ce|(i), we obtain the 
Lemma 4.3. If s,j < 3 we have 

< -£j *>0; \A^t)\ < -Sj for j > 

l<sWI < |St >0; |< s (*)l < 4| Afj > o, 

where C is a constant independent on k, and g(t) £ Cq°(0,T) is a function inde- 
pendent on k. 

Now, we show that the function 

hi*) = (A^ + HAlj + h 2 A 2 ^ + R»^.)$°(t) + (HA^ + VA\ :k 
+^Al^\t) + (H^ + ^Ay^(t) + ^Al^ 3 (t) 
is a semi-classical solution. In fact, we calcule 

(ihd t - HMt) = -2ih 4 ^-A° t ^\t) + h\iA° , - i^^-A 1 ,Ul' 3 (t) 



We deduce from the lemma ( |4.3| ), that 



2 ft 8 

>£Wll2 < 

Furthermore, if using that 



ihd t - H^(t)\\t < -^(3g 2 (t) + UCC 2 \f(t)\ 2 ). 



c k 



l^4»-^(*)ll2< \ I WUI'O.,-- U, ; \r) ,,,,;(. r) Wr. 







we obtain 



|T^ U (0) - ^(t)|| 2 < ^ / \/35 2 (r) + lACC 2 \f{r)\>dT 

k 







<^ f T ^9 2 (r) + UCC*\'f(TWdT ee 
Therefore, T*</>°'°(0) has the form 
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Ttd&°(0) = (A r + HA 1 r + h 2 A 2 r + h 3 A 3 T + tfFzU^ti) + (hA° r + h 2 A 1 r 

h ^k w y 0,k Q.k 0,k 0,k fc ;v fc w v l,k l,k 

+h 3 Ay + tfG^fit) + (h 2 A\ - + K*A\ % + hHj:)4>f{t) + ^ 3 /%(i), 
mtb\F % (t)\,\G % (t)\,\I % (t)\ < f , ||/%(i)|| 2 < ^ and/%(t)V/(i), tjb 1 ®, <fy 2 {t). 

k k 

Finally, if we take 

B % {t) = A\ rk {t) + hA\ rk (t) + nG u (t) 

7s(«) = + hA \,k^ + hI k(t))4>f(t) + Wi(t), 

and K = 4(1 + C + C) 2 , we obtain the proof of lemma |4.l| □ 
To finish the work we will make 



Another proof of theorem 3.1 



First, we study the case of dimension 2. Since 



°' fcU 7o 4e|(r) 1 : 2eg(t) °* } 32e|(i) 2 \J 8e|(r) ) 

and ^4^ ~(t) is imaginary, we have 

e 2 (t) 

\AAt)\ 2 = 1 - h 2 k , ' + h A JM), 
with |Jr(t)| < where ^ is a constant independent on k and 

k 

Starting form this relation, we have 

lim P9(t) = lim TT \A r (t)\ 2 = lim TT [l - ft 2 ^rr I • 

feez 2 feez 2 V fc / 

We now calcule 



11 I 164(t) / 1! ^ 164(f) 2! ^ 16e4 (t) 16^ (f) 

fcez 2 \ fc / £gz 2 k fei,fe 2 ez 2 fel fc2 

To make this calcul we will use the following 
Lemma 4.4. If n > 2 and /g > Vfc 6 Z™, iften 



E^ 

fel,*" ,fe n 



n(n — 1) 



E/f> 
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consequently, 



n 



2 k 



At 2- 



16^(0 



eM-^e 



n=0 



< 



E 



n(n — 1) 



n=2 

fc2||>1|2 °° 



^ 16ei(t) 



n-2 



16et(t) 
^ 16 2 eS(t)n! 

fcGZ 2 fc 



< 



32 



E ( n - 1)1 

n=l v ' 



TT7 IT S 2 ^S(*) 

We use that, hm^o Lfcez 2 16e | (t) 
xe x , then we obtain 



1 f <l^h£>l^^ and V°° 
T6 Jr 2 "pF+TF a " 2^"=1 



lim 



n 



2 A; 



Ae: 



164(*) 



A;SZ 2 fe 



< lim 



1 



two 32 16 



(N 2 + l) ? 6 " 



16 Jr 2 (pjp+J)3 



= 0. 



By virtue of this result, we have 



limi>£(i) = limV 1 -ft 2 V 



n=0 



A;GZ 2 



16e*(t) 



1 r </(t).x>- ! ,-.2 
_ "T6 J* 2 ( |s|2 + 1) 3 ^ 



Therefore, lim R ^ Pn{t) < 1 if /(t) ^ 0. 



Now, it is easy to calcule lim^o (*)• In fact, in the first proof of theorem 3.1 
we have obtained 

lim Pht) = lim ft 2 V k . P?(t), 



then 



lim Pi (t) = — 

n^o hK ' 16 



</W ' f>2 df 2 e--^^^^ 



(|x| 2 + l) 3 



In general, let 

= ^ E iw < ^U-^^J^ > wi 2 ' 

lex,— ,k n £Z 2 
ki ^kj ,if i^j 

be the probability, that at t time, does exist n particle-antiparticle pairs. Then we 
have 



h^o h[ > n\ I 16 i R2 |f | 2 + 1)3 



1 r </(t),x> 2 ,-.2 
, 16 J« 2 (|j|2 + 1 )3 ux 
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To finish the proof, we have to consider the case of dimension 3. We can prove, 
proceeding as the case of dimension 2, that 

el(t) 

lim PUt) = lim H 2 V „\ ' P%(t). 

kez, 3 k 

However, lim fi ^ ^ 2 Sfc G z3 i6e 4 (t) — 00 if /(*) 7^ 0; whence we conclude that, 
Another proof of last result, is the following 

lim i#(t) = lim TT [ 1 - ft 2 44rr 



Since ft^ \l - ^^^J < Uu & > \1 ~ ^ffi ) if Lh < 1> we obtain 

/ Lh 3 e 2 Jt)\ _L r </W,£> 2 d g2 

lim PP(i) < lim lim 1 f 1 = lim e 16 J « 3 WTIj^ 

fcez 3 V k / 

= [ if /(t) ^ 
1 1 if /(t) = 0. 

□ 
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